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in longitude and latitude, the planetary latitude tables, which 
are based upon a model differing from the latitude theory 
in the Almagest but agreeing completely with that of the 
Planetary Hypotheses, and the elaborate concluding tables of 
planetary phases, a mass of nearly hopeless scribal errors that 
Neugebauer manages to make sense out of and emend. 
Book VI is an extremely valuable set of appendices 
containing an exposition of the mathematical techniques, 
chronology, and basic spherical and planetary astronomy that 
will greatly aid the reader in the study of ancient astronomy. 
It is worthwhile to turn frequently to Book VI as it not only 
explains the techniques taken for granted in the rest of the 
work, but contains much of interest in itself (Figure 34 to 
Book VI is alone a profound lesson in the history of astronomy). 
The index is very thorough, and the bibliography of nearly forty 
pages contains, I would think, virtually everything of interest 
on the subject written up to 1975. The last volume concludes 
with 200 odd pages of figures to the text, all executed by the 
author with skill and elegance. 
We have reviewed at some length the contents of a work 
that is a landmark, not only for the history of science, but 
for the history of scholarship. HAMA places the history of 
ancient astronomy on an entirely new foundation. We shall 
not soon see its equal. 
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On the first page of the Introduction to this fine book 
Medvedev writes: 
To a significant degree, the development of the 
concept of the integral-- in the most general meaning 
of the word--is the development of mathematics as a 
whole, [and to attempt to present a] detailed evolu- 
tion of the idea... is, practically speaking, a 
hopeless undertaking. 
[Medvedev 1974, 31 
And indeed, such topics as differential and integral equations 
have been entirely omitted from the presentation, while tri- 
gonometric series and applications to linear functionals on 
Lp spaces, number theory, and probability are only briefly 
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discussed. In the first part of the book, the author emphasizes 
those topics which are traditionally related to the early 
development of the integral, namely, geometric (mensurational) 
and physical problems, and describes with considerable detail 
the gradual replacement of geometric methods with arithmetic 
and algebraic techniques. In the more recent history, the 
evolution of the function concept and the development of set 
theory play prominent roles. Medvedev has given a coherent 
and convincing presentation of the multi-threaded history of the 
integral. It is rich in detail and analysis and has an 
excellent bibliography which contains references for many related 
topics not discussed at length in the text. 
The book is divided into seven chapters (page numbers 
appear after each chapter title): 
I. Methods of Integration from Ancient Times to the 
Middle Ages (11-45); 
II. Methods of Integration in the XVI-XVII Centuries 
(46-83); 
III. The Creation of the Integral Calculus. Newton, 
Leibniz, and Their Successors (84-151); 
IV. Cauchy's Integral (151-181); 
V. Riemann's Integral (182-227); 
VI. Lebesgue's Integral and its Equivalents (228-294); 
VII. Stieltjes's Integral (295-380) 
Medvedev, who has done extensive research in set theory and 
modern integration theory, relies primarily on secondary sources 
for the development up to the 1820s. Since many of the authors 
cited by Medvedev in the first half of the book are Soviet 
scholars, whose works are generally not well known in the west, 
these chapters may be of interest to specialists as well as to 
the general reader. Some of these scholars, who are cited 
repeatedly or at critical points, are I.G. Bashmakova 
[ancient Greece, Archimedes], A.P. Yushkevich [20 works covering 
a wide range of subjects are listed in the references. See 
Historia hfathematica 1976 (3), 259-2781, S.Ya. Lur'e [Atomism: 
Democritus, Archimedes and Cavalieri], B,A. Rozesfeld [See 
Historia bfathematica 1977 (4), 411-4141, D.D. Mordukhai-Bolt- 
ovskii [Exhaustion Method, Newton], M.Ya. Vygodskii [Kepler, 
Euler]. The majority of non-Soviet works referred to in the 
first three chapters were written forty or more years ago (the 
most frequently cited author here is H.G. Zeuthen). 
However, the heart of the book lies in the second part 
(beginning with Cauchy's investigations), particularly (for 
this reader) in the final two chapters. Here an immense quantity 
of difficult, and in some cases not very well known, material is 
skillfully and coherently organized. Each major contribution 
to the evolution of the integral concept is preceded by an 
extensive analysis of the conditions which made the discovery 
possible, if not, as the author frequently asserts, necessary. 
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One has only to compare this monograph with, say, Pesin’s 
[19701 t in which definitions and constructions are presented in 
neat packages, almost completely devoid of historical context. 
In contrast, Medvedev emphasizes the “necessity” and “historical 
conditionality” of great discoveries. On the one hand, he gives 
numerous examples of independent (sometimes simultaneous) discov- 
eries which, he argues, were necessarily made when the need was 
present and the mathematical techniques sufficiently advanced; 
on the other hand, he cites examples of ideas introduced “before 
their time”--that is either before they could be used or before 
the technical apparaius was sufficiently developed to express the 
idea with clarity. One striking example of the latter is the 
case of set functions [Medvedev 1974, 264-2681, which Cauchy 
first attempted to define in 1841, calling them coexisting mag- 
nitudes, and which Peano later (1887) succeeded in doing using 
vectors. Peano’s work received scant attention. Only in 1910 
were set functions reintroducedin a less general form by 
Lebesgue, who apparently did not know either of Cauchy’s or 
Peano’s efforts [for further discussion, see Medvedev 1961(a), 1965 
There is so much to praise in this richly detailed and 
stimulating book that it is difficult to single out for particular 
attention a small number of sections. However, here are a few 
personal favorites. 
In preparing the reader for Cauchy’s careful treatment 
of the limit concept, its subsequent, central role in defining 
the (definite) integral, and the so-called arithmetization and 
rigorization of analysis, the author describes a growing concern 
(surfacing toward the end of the eighteenth century) about the 
validity of operations and the existence of certain mathematical 
entities. In the course of using the integral to represent areas 
and solutions of physical problems, apparent contradictions 
(such as negative areas or imaginary physical magnitudes) resulted 
from the uncritical application--mainly to unbounded functions-- 
of the definite integral, usually defined in the eighteenth 
century as the difference of values of a primitive [Medvedev 
1974, 1621. Furthermore, arguments for the existence of math- 
ematical entities, based upon the prior existence of geometric 
or physical magnitudes, appeared increasingly to be tainted by 
circularity: at first, the assumption that certain integrals 
(and derivatives) existed was based upon the (assumed) exist- 
ence of a length, area, volume, or simple physical quantity. 
In time, the presumed existence of more complicated integrals 
would be used to justify the assertion that certain geometrical 
and physical magnitudes, expressed by these integrals, were 
meaningful. The integrals appearing in such problems were 
generally too complicated for the application of older geom- 
etrical methods--such as the exhaustion method-- and it became 
increasingly clear that a careful arithmetic treatment of the 
operations of calculus, in particular the limit, was needed. 
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Further impetus to analyze and redefine the integral came from 
the study of planetary and more general oscillatory motion, 
as well as from problems related to heat flow. These invest- 
igations led naturally to the representation of functions by 
trigonometric series, whose coefficients were expressed by 
integral formulas. The evaluation of difficult integrals appeared 
also in potential theory problems [Medvedev 1974, 153-1541. 
Medvedev’s description of the preconditions for the arithmetiza- 
tion and rigorization of analysis, more particularly for Cauchy’s 
analysis of limits, is extremely lucid and convincing. 
In connection with Cauchy’s investigations and those of 
his successors, a theme which reappears regularly throughout 
the second half of the book is the dual nature of the (definite) 
integral--as the difference of the values of an exact primitive 
(that is, integration is considered as the inverse of differentia- 
tion) and as the limit of a sum. Although Cauchy defined the 
integral of a continuous function f(x) to be the limit of the 
approximating sums, he was able to show that the integral having 
variable upper limit was a primitive--that is, the derivative 
Of F(x) = /z f (t)dt is equal to f(x) at all points of an interval 
in which f(x) is continuous. For functions having finitely 
many discontinuities, a primitive can be found in each interval 
determined by consecutive points of discontinuity. However, 
in extending the integral to the widest possible class of 
functions for which the Cauchy sums converge, the inverse relation 
between integral and derivative breaks down. Indeed, the class 
of Riemann integrable functions contains functions whose points 
of discontinuity are dense on intervals. “Perhaps forseeing 
the tremendous difficulties which would arise from the consid- 
eration of the interdependence of the integral he had introduced 
and differentiation, Riemann, in general, did not consider 
[the question]” [Medvedev 1974, 2141. In fact, it would later 
be shown that the derivative of an indefinite integral was 
equal to the integrated function only at its points of continuity 
[see Gelbaum and Olmstead 1964, 43-44, for examples]. Moreover, 
there are bounded derivatives which are not (Riemann) integrable 
[Volterra’s example, cited by Medvedev, is in Gelbaum and 
Olmstead 1964, 107-1081. Despite these complications, subsequent 
attempts to restore the definition of the integral as a primitive 
show how reluctant mathematicians were to forego the relation- 
ship between integration and differentiation. Chapters, V, VI, 
and IX of Lebesgue’s Lecons sur I'intGgration et la recherche 
des fonctions primitives, as well as the introduction to Intggrale, 
longueur, aire, reveal Lebesgue’s continued preoccupation with 
this problem. Lebesgue succeeded in showing that if f'(x) is 
bounded, its indefinite (Lebesgue) integral is an exact primitive. 
However, it required a further extension (by Denjoy in 1912) 
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to obtain the relation for unbounded derivatives. Although 
Medvedev does not fully discuss Denjoy’s integral, nor the 
subsequent extensions which required the consideration of 
discontinuous primitives and modifications of the concepts of 
continuity and differentiability, he provides fairly complete 
references for these investigations. 
The monograph contains several examples of interesting 
investigations, little known in the west, carried out by 
Russian mathematicians. One of these illustrates the widespread 
preference for the definition of the integral as a primitive. 
A.A. Markov required a version of Stieltjes’s integral for his 
investigations concerning the problem of moments. Although 
he was acquainted with the paper in which Stieltjes had 
introduced the integral, he found the presentation inadequate 
owing to the absence of a parallel theory of differentiation. 
Stieltjes had avoided completely the question of primitives, 
not surprising in light of the fact that at that time the 
concept of the derivative of one function with respect to 
another had not yet been introduced. Markov defined such a 
derivative, much as we would do today, and, permitting discontinu- 
ities, he defined the indefinite integral of this derivative 
with respect to the corresponding function. Markov ’ s paper, 
written in Russian, was not widely known and, according to 
Medvedev, was not clearly written and contained physical argu- 
ments to overcome mathematical difficulties. Later, when the 
necessary mathematical techniques were available, a series of 
investigations restored the relation between the integral and 
the derivative in a more general setting than Markov had 
imagined. (This result, stated for the Lebesgue-Stieltjes 
integral, is generally known as the Radon-Nikodym Theorem.) 
Several other investigations related to Stieltjes’s 
integral were made by Russian mathematicians before 1905. A.M. 
Lyapunov , in 1904, applied the integral to problems arising 
from celestial mechanics. Earlier (around 1901), G.F. Voronoi, 
attempting to find an integral representation for sums appearing 
in number theory, was led to recreate (independently) Stieltjes’s 
integral. Later, when he learned of Stieltjes’s paper, he did 
not publish his version, but only the applications. These and 
other examples are discussed in Medvedev’s book [317-3241 and 
in two of his earlier papers [1961b, 19631. 
Although Stieltjes’s integral did not command wide attention 
until after it was used by Riesz (in 1909) to represent linear 
functionals on the space of continuous functions defined on 
a closed and bounded interval, the examples given by Medvedev 
(including those mentioned above) show that well before this 
time, some version of this integral was required for the solution 
of problems in a variety of fields. Additional investigations 
related to Stieltjes’s integral and carried out between 1910 
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and 1920 are treated with great care and abundant detail. The 
author describes Radon’s memoir (published in 1913) which, 
according to Lebesgue, established the importance of Stieltjes’s 
integral [Medvedev 1974, 3441. He discusses also W.H. Young’s 
investigations (related to trigonometric series) and a host of 
others, including those of Lebesgue, Van Vleck, FrBchet, Riesz, 
de la Vall&e Poussin, Carathgodory, and Daniell. In the closing 
sections of chapter VII (pp. 361-380), the major developments 
after 1920 are outlined. By and large, these sections are too 
brief to be very meaningful to the non-specialist. They require 
knowledge of such modern concepts as generalized limits (filters) 
and some acquaintance with the fields of application. Here, 
Medvedev has wisely chosen to sketch these developments, 
providing an extensive bibliography for further research. 
The historian of modern analysis will also find much of 
interest in chapter VI, “Lebesgue’s Integral and its Equivalents”. 
A high point of the chapter is the presentation of the relation 
between the general development of set theory and the creation 
of the Lebesgue integral. Also skillfully woven into the fabric 
of the integral is the function concept, which received ever 
broader meaning with subsequent extensions of the integral. Of 
particular interest is the section concerning integrals equivalent 
to Lebesgue’s. Foregoing a lengthy presentation of definitions 
and constructions, many of which are fairly well known and 
readily available elsewhere [in Pesin 1970, for example], 
Medvedev instead analyzes the motives which lay behind these 
efforts to redefine, and in some cases to extend, Lebesgue’s 
integral. In discussing the integrals introduced by Borel, 
Riesz, Levi, Perron, Denjoy, and Young, the author reveals 
reasons ranging from pedagogy and the (alleged) difficulties 
of measure theory to attempts to extend the integral to a 
wider class of functions, thereby restoring the relation between 
integral and derivative. Not to be overlooked were questions 
of taste. Young, for example, sincerely believed that his 
approach, using a hierarchy of monotone limits of semicontinuous 
functions, was more “natural” than Lebesgue’s (although few who 
have attempted to read Young’s presentation would agree). And 
finally, there were questions of mathematical philosophy. In 
particular, we refer to the Lebesgue-Bore1 controversy, centering 
in part around Lebesgue’s use of uncountable processes in the 
definition of his integral. 
This monograph represents a considerable contribution to 
the history of analysis, especially of the modern period, The 
publication of an English translation would be very welcome. 
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LOBATCHEVSKI. By V. F. Kagan. Moscow (Edition Mir). 1974. 
Reviewed by Imre Toth, 
Universitdt Regensburg, Regensburg, FRG 
Ce n’est pas, certainement, un compliment de dire que le 
livre de Veniamin Feodorovitch Kagan (1869-1953) est le meilleur 
qu’on ait jamais Bcrit sur Lobatchevski;puisque c’est, tout 
simplement, l’unique biographie du gGom$tre russe, 6laborge B 
partir d’une connaissance de la quasi-totalit des documents 
archivistiques. C’est done un livre dont personne ne peut se 
passer qui s’int&esse a l’histoire de la gEom&rie non- 
euclidienne. Kagan Btait un des mathematiciens sovietiques les 
plus distingues de la premiere moitie du sibcle et il aurait 
6tB difficile de trouver un auteur plus competent, dans le 
domaine de la geom&rie, pour Bcrire ce livre. LIEtat Sovietique 
a r&ompensg son activite scientifique en lui conferant le titre 
de ‘Ilomme de Science,Em&ite’ (1929)) 1 ‘Ordre du Drapeau Rouge 
(1940) et le Prix d*Etat (1943). Le present livre est la 
traduction fransaise--revue et mise au point par Boris Laptev-- 
de l’original russe; (probablement de la seconde edition, 1948). 
Son utilite et son merite consistent dans l’extr@me richesse 
des details biographiques et dans la profondeur de l’analyse 
mathematique de l’oeuvre de Lobatchevski. On a vraiment l’im- 
pression que rien, fat-ce l’evenement le plus insignifiant de 
la vie de Lobatchevski, n’a pas Cte omis. Au-de13 du r&it 
biographique, le livre de Kagan offre au lecteur aussi la 
possibilite de se familiariser avec la gComCtrie non-euclidienne, 
comme doctrine scientifique. S’il restent des points de 
discussion, ils ne visent que le style historiographique du livre. 
Le lecteur est d’abord frappg de rencontrer, dans ce livre, 
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